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Abstract. Based on the ideas of Bessa-Jorge-Montenegro [4] we show that a complete 
submanifold M with tamed second fundamental form in a complete Riemannian mani- 
fold N with sectional curvature Kff < k < are proper, (compact if N is compact). In 
addition, if N is Hadamard then M has finite topology. We also show that the funda- 
mental tone is an obstruction for a Riemannian manifold to be realized as submanifold 
with tamed second fundamental form of a Hadamard manifold with sectional curvature 
bounded below. 
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1. Introduction 

Let if : M ^ N he an isometric immersion of a complete Riemannian m-manifold 
M into a complete Riemannian n- manifold N with sectional curvature < ^ < 0. Fix 
a point xq G M and let pM {x) = distM (a^o , x) be the distance function on M to xq . Let 
{Ci}°^i be an exhaustion sequence of M by compacts sets with xo e Cq. Let {ui} C [0, oo] 
be a non-increasing sequence of possibly extend numbers defined by 

^""-{pMix)) ■ \\a{x)\\,xeM\a 



sup 



Where 



eqSk I (1) 



: sinh(A 

t, 



if 
if 



K<0 
K = 



C^it) — S'f,{t) and ||a(a;)|| is the norm of the second fundamental form at (p{x). The number 
a(M) — lim Ui is independent of the exhaustion sequence {C'i} nor on the base point xq- 

i — ^oo 

Definition 1.1. An immersion ip : M ^ N of a complete Riemannian m-manifold M into 
an n-manifold N with sectional curvature Kn < < has tamed second fundamental form 
ifa(M) < 1. 

In Bessa, Jorge and Montenegro showed that a complete submanifold (p : M ^ 
with tamed second fundamental form is proper and has finite topology, where finite topology 
means that M is C°°- diffeomorphic to a compact smooth manifold M with boundary. In 
this paper we show that Bessa-Jorge-Montenegro ideas can be adapted to show that a 
complete submanifold M ^ N with tamed second fundamental form is proper. In addition 
if is a Hadamard manifold then M has finite topology. We prove the following theorem. 

Theorem 1.2. Let tp : M '—>■ N be an isometric immersion of a complete m-manifold M 
into complete Riemannian n-manifold N with sectional curvature < k < 0. Suppose 
that M has tamed second fundamental form. Then 

a. // N is compact then M is compact. 

b. If N is noncompact then ip is proper. 

c. If N is a Hadamard manifold then M has finite topology. 
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Our second result shows that the fundamental tone X*{M) can be an obstruction for a 
Riemannian manifold AI to be realized as a submanifold with tamed second fundamental 
form in a Hadamard manifold with bounded sectional curvature. The fundamental tone of 
a Riemannian manifold M is given by 



(2) 



A*(M) = inf 



IM 



where Hq{M) is the completion of C^{M) with respect to the norm |/p — jj^P + 
/^^ |grad/p. We prove the following theorem. 

Theorem 1.3. Let Lp : M ^ N be an isometric immersion of a complete m-manifold M 
with a(M) < 1 into a Hadamard n-manifold N with sectional curvature fi < Kj^ < 0. Given 
c, a{M) < c < 1, there exists I = l{m, c) G Z+ and a positive constant C = C{m, c, fi) such 
that 

(3) X*iM) < C ■ A*(N'(Ai)) = C-{1- 1) W4, 

where is the l-dimensional simply connected space form of sectional curvature ^. 

Remark 1.4. Jorge and Meeks in |8j showed that complete m-dimensional submanifolds 
M of R" homeomorphic to a compact Riemannian manifold M punctured at finite number 
of points {pi, . . . ,pr} and having a well defined normal vector at infinity have a{M) — 0. 
This class of submanifold includes the complete minimal surfaces ^ K" with finite total 
curvature Jj^j \K\ < oo studied by Chern- Osserman [S], . the complete surfaces ^ K" 
with finite total scalar curvature japdV < oo and nonpositive curvature with respect to 
every normal direction studied by White 112] and the m-dimensional minimal submanifolds 
M"^ ^ R" with finite total scalar curvature f]^,j \a\™dV < oo studied by Anderson [I . As 
corollary of Theorem U.S\) we have that X*{M) = for any submanifold M mentioned in 
this list above. 

Question 1.5. It is known [3], [5] that the fundamental tones of the Nadirashvilli bounded 
minimal surfaces ^10j and the Martin-Morales cylindrically bounded minimal surfaces [9] are 
positive. We ask if is there a complete properly immersed (minimal) submanifold of the R" 
with positive fundamental tone A* > 0. 



2. Preliminaries 

Let ip : M ^ N he an isometric immersion, where M e N are complete Riemannian 
manifolds. Consider a smooth function g : N ^ M. and the composition f = g o (p : M ^ M.. 
Identifying X with d(p{X) we have at q g M and for every X e TqM that 

(grad/,X) = df{X) = dg{X) = {gTadg,X). 

Hence we write 

gradg = grad/ + (gradg)^, 

where (gradt/)"'" is perpendicular to TqM. Let V and V be the Riemannian connections on 
M e N respectively, a{x){X, Y) and Hess/(x)(X, X) be respectively the second fundamental 
form of the immersion ip and the Hessian of / at a; with X,Y E T^M. Using the Gauss 
equation we have that 



eqBF2 



(4) Hess/(x)(X,r) = llcssg{^{x)){X,Y) + (gradg, a(X, 



ON SUBMANIFOLDS WITH TAMED SECOND FUNDAMENTAL FORM 



3 



Taking the trace in Q, with respect to an orthonormal basis {ei, e,„} for T^M, we have 
that 

m 

Af{x) = ^Hess/((?)(e„e,) 

i=l 

eqBF3 I (5) 

' m m 

= ^Ressg{ip{x)){ei, e^) + (gradg, ^ a(ej, e^)). 

i=l 1=1 

We should mention that the formulas ^ and ([5]) first appeared in[7]. Ifg^/iopjy, where 
: M ^ R is a smooth function and pat is the distance function to a fixed point in N , then 
the equation (|4]) becomes 

eqHess | (6) }Iessf{x){X,X) = h" {pN){gra.dpN , Xf + h' {pN)[llesspN{X , X) + (gradpAr,a(X,X))] 

Another important tool in this paper the Hessian Comparison Theorem, see [7] or |13] . 

Theorem 2.1 (Hessian Comparison Thm.). Let N be a complete Riemannian n-manifold 
and yo,y € N. Let 7 : [0,pAr(y)] ^ N be a minimizing geodesic joining yo and y, where 
Pn is the distance function to ya on N . Let Kj be the sectional curvatures of N along 7. 
Denote by p = mi Kj and k — supX^. Then for all X G TyN , X _L ^'{pN{y)) the Hessian 
of pN aty = 7(pAr(?/)), satisfies 

(7) ^{pN{ymxr>HesspN{y){X,X)>^{p^{ymxr 
whereas HesspNiy)i'^' ,7') = 0. 

Observation 2.2. If y (z cut7v(2/o) the inequality ^ has to be understood in the following 
sense 

^{pNiymxf > hm HesspNiy,){X,,X,) > ^{p^iy))\\Xf. 
For a sequence {yj,Xj) {y,X) G TN, yj ^ cutAr(yo)- 



3. Proof of Theorem 11.21 

3.1. Proof of items a. and b. Since that a{M) < 1, we have that for each a{M) < c < 1, 
there is i such that ai G (a(M), c). This means that there exists a geodesic ball BM{ro) C M, 
with d C BMiro), centered at xq with radius tq > such that 

(8) ^{pMix)) ■ \\a{x)\\ < c < 1, for all x G M\BM{ro)- 

To fix the notation, let xq G M, yo — ip{xo) and pm{x) — distM(a^Oi a;) and PN{y) = 
distAr(yo, J/)- Suppose first that k = 0. Letting h[t) — t^ we have that f{x) — pn{'-p{x)Y. 
By equation ((6]) the Hessian of / at a; G M in the direction X is given by 

(9) Hess/(x)(X,X) = 2[p^ Hesspw(X, X) + (gradpAr, X)) + (gradp^v, 
where y — f{x). By the Hessian Comparison theorem, we have that 

(10) Hessp^(y)(X,X)>^^||X^||2, 

PN(y) 
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where (X-*-, gradpjv) = 0. Therefore for every x e M\BM{ro), 

Hess/(a;)(X, X) = 2[pN Hesspjv(X, X) + (gradpjv, X)^ 
+ PN{gJ:a.dpN,a{X,X))]{y) 
1 



(11) 



> 2[pN —\\X^f + \\X^f+pN{gradpN,aiX,XMy) 
Pn 



> 2[\\x^r + \\x^\^ - PMM-\\xr] 

> 2(l-c)||X||2 

In the third to the fourth hne of (fTT|) we used that p]y{(p{x)) < pm{x). If k < 0, we let 
h{t) — cosh(^/— Kt) then f{x) — cosh(^/— k ppf){(p{x)). By equatfon © the Hessian of / is 
given by 

IIess/(x)(X, X) = [— K cosh( V — npiy) (gradp n,X)'^ + \/ — k sinh(-\/ — k p jv )Hessp n {X, X) 



eqcoth (12) + K sinh(\/— K pat) (gradpjv, a{X, X))] {(p{x)). 

By Hessian Comparison theorem we have that 

Hessp^(y)(X,X) > ^ cosh(7^pA.) ^^^^,„ 



eqf 2 



(13) 

Since a(M) < 1 we have then 



sinh(\/— KpTv) 



11 , ,|| ; cosh(-\/— KPAf) , N , cosh(\/— kpat) , , 

(14) l|a(a;)|| < cy^^-;-p!^=J-^{x) < cy^— — , , ' {(fiix)) 



sinh(V^/5M) 



smh{\/—Kpiy 



for every x E M\BM{rQ) and some c G (0, 1). The last inequality follows from the fact that 
Pn{^{x)) < pm{x) and that the function ^ —KCoi\i{^ —nt) non-increasing. Substituting in 
the equation p2| . we obtain 



mssf{x){X,X) > -KCOsh{y/^pN)\\X^\\^ - KCOsh{y/^pN)\\X^f 

+ K- c - cosh{y/~KpN)\\X\\^ 

> ~K-cosh{pN){l~c)\\Xf 

> -^.(l-c).||X||2. 



(15) 



Let a : [0, pm{x)] ^ M be a minimal geodesic joining 2:0 to x. For all t > rg we have that 
(/ o a)"{t) = Hess/(cr(t))(cr', a') > 2(1 - c) if k = and (/ o a)"{t) > -k{1 - c) if k < 0. 
For t < ro we have that (/ o cr)"(i) > 6 = inf {Hess/(a;)(i^, iy'),x e BMiro), = 1}. Hence 
(«-0) 



(16) 



(/oa)'(.) = (/oa)'(0) + /„^(/oa)"(r)dr 

> (/oa)'(0) + /;"fedr + /; 2(l-c)dT 



> (/oa)'(0) + 6ro + 2(l-c)(s-ro). 
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eqPl 



Now, pNiifiixo)) — distjv(?/oi Uo) = then (/ o cr)'(O) = 0, and f{xo) — 0, therefore 
fix) = jr'''\.foay{s)ds 

> C^"Hbro + 2il-c){.s-ro)}ds 



(17) 



> 6roPM(x)+2(l-c)(^ 



Pm{x)) 



> {l-c)pli{x) + ib~2{l-c))ropMix) 



Thus 
(18) 



pli^ix)) > (1 - c) pliix) + (b - 2{1 - c))ro PMix) 
for aU X E M. Similarly, for k < wc obtain that 
eqP2 I (19) cosh{y/^ pn){(p{x)) > ^/^{l - c)pI,j(x) + {b/^/^ - ^/^{l - c))rapM{x) + 1. 



If N is compact (bounded) the righthand side of (fT8| and (fT9|) inequalities are bounded 
above. That implies that M must be compact. In fact, we can find p — /x(diam(7V), c, k) 
so that diam(M) < p. Otherwise (if N is complete noncompact) then if pm{x) ^ oo, then 
Pn[^) — ^ oo and (f is proper. 



psi 



cauchy (22) 



3.2. Proof of item c. Recall that we have by hypothesis that ip : M ^ N is a, complete 
m-dimensional submanifold with tamed second fundamental form immersed in complete 
n-dimensional Hadamard manifold N with Km < k < 0. We can assume that M is non- 
compact. Moreover, by the item a., proved in the last subsection, is a proper immersion. 
We can suppose that the extrinsic distance function of M defined by R{x) = pN{(p{x)) is a 
Morse function on M. Let i?Ar(ro) the geodesic ball of N centered at yo with radius tq and 
— dB^iro)- Since ip is proper and a{M) < 1 we can take tq so that 

(20) ^{pM{x))\\a{x)\\ < c < 1, for all x G M\ip'\BNiro)) 

and Trg = (p{M)nSrQ 7^ is a submanifold of dimFrg = m — 1. For each y e Trg, let us 
denote by TyTrg C Ty(p{AI) the tangent spaces of Trg and (p{M) at y, respectively. Since 
the dimension dimTyTrg = m — 1 and diuiTy(p{M) = m, there exist only one unit vector 
u{y) e Tyip{M) such that TyipiM) = TyTrg © [My)]i with (i/(y), gradpjv(y)) > 0. This 
defines a smooth vector field on a neighborhood V of ip^^{Trg). Here [[i^(y)]] is the vector 
space generated by i^(y). Consider the function on ip{V) defined by 

(21) V(y) = (i^,gradpAr)(y) = (i^, gradi?)(y) = v{y){R), y = Lp{x). 

Then ipiy) = if and only if every x — 'P^^{y) G is a critical point of the extrinsic 
distance function R. Now for each y E Trg fixed, let us consider the solution £_{t, y) of the 
following Cauchy problem on ip{M): 
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eqpsi 



eqnu 



eqro 



We will prove that along of the integral curve t i-^ ^(t, y) there are no critical points for 
R = Pn ° </'■ For this, consider the function (tJj o ^)(t, y) and observe that 

■0t = 6(gradpAr,i/) 

^ ( gradpAT , ly) + (gradpAr , V^^ i/) 

(23) ^ ^ 

= ^HesspAr(i/, + ^ [(gradpjv, V^,;/) + (gradpAr, Q;(i^, ly))] 

= — [Hesspjv(i^, ly) + (gradpAT, V^j/) + (gradpjv, 1^))] ■ 

W 

Thus 

(24) i/)tV' = HesspAf(i^, i^) + (gradpw, V^i/) + (gradpA?,a(j^, J^)) 
Since {v, v) ~ 1, we have at once that (V^j^, v) ~ 0. As V^i^ G T^M, we have that 

(gradpAT, V,.!^) = (gradi?, V^J/). 

By equation (HH), we can write gradi?(a;) = ^((y9(a::)) •j/((y9(a:)), since gradi?(x) 1. T^i^^^T p^^^y), 
(rp„(^) = <f{M) n aS^(pAr(2;))). Then 

(gradpAT, V^i^) = (gradi?, V^i/) = ^(j/, V^i^) = 0. 

Writing 

(25) i/(y) = cos (3{y) gradpAf + sin/3(y) w 
and 

(26) gradpAr(y) — cos/3 iy{y) + sin/3 z^* 
where (cj, gradpAr) = and {vtV*) ~ 0, the equation ((24|) becomes 

(27) VtV' = sin'^ 13 HesspAf(a;, uj) + sin/3 {v* ,a{v, v)). 
From (PS)) we have that "0(2/) = cos/3(?/) 



(28) VtV' = \/l - ^Vl - ^/'2HesspAr(w, w) + v/l~^(i^*,a(i^,t^))- 

Hence 



(29) ^^=^ ^ - 02HesspAr(a;, w) + {v*,a{v, y)). 

Thus we arrive at the following differential equation 



eqdif 1 



(30) -{^T^)t = ^/T^ResspN{L^,L^) + {iy*,aiiy,iy)) 
The Hessian Comparison Theorem implies that 

C 

(31) HesspAr(t^,w) > -^{pN{^{t,y))). 
Substituting it in the equation (j30p obtain the following inequality 

(32) -(v/T^)* > ^/T^^{p^{^{t,y))) +y,a{,y,iy)). 

"Jk 



Denoting by R(t, y) the restriction of i? = pA^ o ip to Lp ^(^(t, y)) we have 

R(t,y) = R{ip-\^{t,y))) = PAr(^(t,2;)) 
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On the other hand we have that 
(33) 

then 
(34) 



Rt = (gradi?, ^v) = {ipv, ^v) = 1 



c c 

Writing ^{pNi^{t,y))) = ^{t + ro) in §^ we have 

Ok Ok 



eqdif 3 



(35) 



Ok 



Muhiplying ^ by S^it + ro), obtain 



eqdif4 



- ^4t + ro)(yT^)t + C«(i + ro)yT^J > Skit + ro){i^*,a{u,iy)) 
The last inequahty can be written as 

(36) [S^it + ro)^/!^]^ < -S^{t + r^){v\a{v,v)) 

Integrating ([36|l of to i the resulting inequality is the following 



5,(i + ro)sin/3(e(t,y)) < 5«(ro) sin/3(y) 



Thus 



^ (37) sin0(e(t,zj)) < ^7%^sin/3(y) 



S^it + ro) Jo 



'Ski-s + ro){iy*,a{iy, v))ds 



Sk{s + ro)[-{v* ,a{v, v)))ds 



Since a(M) < 1, then 

-y,aii.,,.))ias,y))<\H^is,ym<c^iPMi^is,y)))<&^ 

On On On 



for every s > 0. Substituting in (|37p . we have 

Sniro) 



sin/3(e(i,y)) < 



eq39 (38) 



Sn{t + ro) 

Snit + ro) 
Snira) 



sin/3(y) 



sin/3(y) 



Sn{t + ro) Jo 



Sn{t + ro) 
(sin/3(y) - c) + c < 1 



Ck(s + ro)ds 
{Sn{t + ro)~Sn{ro)) 



Snit + ro) 

for all i > 0. Therefore, along the integral curve t S,{t,y), there are no critical point 
for the function R{x) — p^ifix)) outside the geodesic ball i?Ar(ro). Since R is a Morse 
function the critical points are isolated there are finitely many of then. In particular, the 
submanifold has finitely many ends. This concludes the proof of the Theorem (jl.2p . 

4. Proof of Theorem 11.31 

The first ingredient for the proof of Theorem 11.31 is the well known Barta's Theorem [2] 
stated here for the sake of completeness. 

Theorem 4.1 (Barta). Let Q be a bounded open of a Riemannian manifold with piecewise 
smooth boundary. Let f e C^{n) n C°(f^) with f\Q > and f\dQ = 0. The first Dirichlet 
eigenvalue Ai(ri) has the following bounds: 



(39) 



sup(-^)>Ai(J7)>inf(^) 



8 



G. PACELLI BESSA AND M. SILVANA COSTA 



eqLambda-l 



With equality in (4) if and only in f is the first eigenfunction of Q. 

Let (/? : Af > iV be an isometric immersion with tamed second fundamental form of a 
complete m-manifold M into a Hadamard n-manifold N with sectional curvature fj, < < 
0. Let xo S M, 2/0 = 'fiixo) G N and let pN{y) — dist7v(2/Oj v) be the distance function on N 
and pn ° f the extrinsic distance on AI. By the proof of Theorem (|1.2p there is an ro > 
such that there is no critical points x G M \ (p~^{Bi\i{ro)) for p^v ° 'fi, where i?Ar(r'o) is the 
geodesic ball in N centered at j/g with radius tq. Let R > and let $1 C (p~^{B]^{R)) be 
a connected component. Since (/? is proper we have that Q is bounded with boundary dfl 
that we may suppose to be piecewise smooth. Let v : _Bj>[i (^-j (i?) — > R be a positive first 
eigenfunction of the geodesic ball of radius R in the Z-dimensional simply connected space 
form N'(/i) of constant sectional curvature /i, where I is to be determined. The function v 
is radial, i.e. v{x) — v(\x\), and satisfies the following differential equation, 



(40) 



v"{t) + {1-1) -^{t)v'{t) + Ai(BN.(^)(i?))w(t) - 0, Vt e [0,i?]. 
J, 



With initial data v{Q) = 1, z/(0) = 0. Moreover, v'{t) < for all t £ {0,R]. Where S"^ 
and Cfj, are defined in ^ and Ai(Bpji(^)(i?)) is the first Dirichlet eigenvalue of the geodesic 



baU Bfifi(^^){R) C N'(^) with radius R. Define v : Bn{R) 



K by v{y) = v o pniv) and 
/ : f7 ^ R by f{x) = 5 o ip{x). By Barta's Theorem we have \i{VL) < supo(-A///). The 
Laplacian A/ at a point a; G M is given by 



^Mf{x) = [^Ressv{et,ei) + {gra.dv,H)]{ip{x)) 

i=l 
m 

= ^ [v"{pN){g'radpN,ei)^ +v'{pn) Hess pN{ei,ei)] + v' {p){gTadpN, H) 



Where Hessw is the Hessian of v in the metric of N and {e^}™]^ is an orthonormal basis 
for TxM where we made the identification (p^Ci — e^. We are going to give an upper bound 
for (—A///) on (f~^{BN{R)). Let x £ lp^^{Bn{R)) and choose an orthonormal basis 
{ei, Cm} for TxM such that {e2, . . . , Cm} are tangent to the distance sphere dBN{r{x)) of 
radius r{x) = pn{v{x)) and ei = (ei, grad^yo)grad^p + {ei,d/d6)d/d9. Where \d/d6\ = 1, 
d/d6 _L gradjyp. To simplify the notation set t = pN{ip{x)), Am = A. Then 



eq40 (41) 



A/(a;) = ^ [v" (t) {gT a.dp N, Cif + v'{t) Bess pN{ei,ei)] + v'{t){gradpN,H) 

i=l 

= v"{t){gi'AdpN, ei)2 + v'{t){ei,d/d0f Hess pjv (5/961, d/d0) 

m 

+ ^ t;'(t) Hess PAT (e^, e^) + v' {t){gT&dpN , H) 

i=2 



Thus from gT 
A/ 



eq41 (42) -— f-(a;) = (0(grad/9jv,ei)^ {t){ei,d / dOyYless pN{d / 89,8 / dO) 



f 



E— (t) Hess PAT (ei,ei) - - {t){gT&dpN , H) 
n 1) 



1=2 



The equation (I40p is says that 



'-W = (^-l)§^-W + Ai(i?MH.)(^)) 



By the Hessian Comparison Theorem and the fact v' /v < we have from equation ([1^ the 
following inequality 
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"Si42l (43) 



^{x) < Ai(i?NHM)(^))][l-(ei,a/a0>'] 



m-l + l(ei,d/d9)' + -^\\H 



On the other hand the mean curvature vector H at ip{x) has norm 

< \\a\\{^{x)) < c ■ {CJS^){pm{x)) < c ■ {CJS^){pn{v{x))). 

We have that for any given a(M) < c < 1 there exist ro — ro{c) > such that there 
is no critical points x G M \ (/3^^(_Bjv(''o)) for ppf o ip. A critical point x is such that 
{ei,d/d6){(p{x)) — 1, see equation ((25)) . there {ei,d/d6){ip{x)) — sinl3{^p{x)). The inequal- 
ity ([38|) is showing that for any x £ M \ (p^^{Biy{ro)) we have that, (k = in our case), 



{e,,d/d9){ip{x)) < 



r-nu~, ™P sin/3(^(z))) - c 

PNmx)) +ro U^^-i(^OBN{r„)) J 



(44) 



< 



ro + ro 
1 + c 



(1 - c) + c 



eq46 



lemma2 



eq47 



We have then from (|42p the following inequality 

„2 



m-? + ^(l + c)2 + c 
4 



-^(x) < ^ • Ai(S„,(^)(i?))] - §i(t)-(0 ^ ■ ' 

Choose the least / £ Z+ such that to — Z + Z(l + c)^/4 + c < 0. With this choice of I we have 
for aU X £ ip-^{BNiR) \ Sw(fo)) that 



(45) 



^(x)< ^•Ai(BN<(^)(i?)). 



Now let X £ ip-^iBNiro))- Since 1 - {ei,d/de)^ < 1 and -/ + I {ei,d/def < we obtain 
from (|43)) the following inequahty {t ~ p]y{ip{x))) 



(46) 



^■'^{x)<X^{B^,^^^{R))]-^{t)-(t) 



f 



\H\ 



We need the following technical lemma. 



Lemma 4.2. Let v be the function satisfying Then ~v'{t)/t < Ai (-Bn;(^) (i?)) for all 

t £ [0,R]. 

Proof: Consider the function h : [0, i?] — > M given by h{t) = X ■ t + v' (t), X = Ai(i3p}i(^(-)(_R)). 
We know that v{0) = 1, f'(0) = and v'{t) < besides v satisfies equation (|^ . Observe 
that 

= v"it) + {l- l)v' + Xv< v" + X. 

Thus v" > -A and h'{t) = X + v" >0. Since h{0) = we have that h{t) ^ Xt + v'{t) > 0. 
This proves the lemma. 

Since that w is a non- increasing positive function we have that v(t) > viro). Applying 
the Lemma (14.21) we obtain 



(47) 
(48) 



^^(.) < x.iB,,aR))^'-^r-^)^ 



1 



/ 



< Ai(i3N'(^)(-R)) 



l + ro^{ro) ^ 



viro) 



viro) 

TO + c] 



[to + c] 
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Thus for all X G ip ^{Bn{R)) we have that 



-(A///)(x) < 
Then by Barta's Theorem 



max 



v{ro) 



\m - 



1 + ro^(ro) • [m- 
-S^M v{ro) 



c] 



^i{Bni(^){R)) 



^i(^n'(m)(-^)) 



Observe that C 



I- + {ro) ■ [m + c] does not depend on R. So letting i? — > oo 

we have that \*{M) < CA*(N'(/i)). 

Corollary 4.3 (From the proof). Given c, a{M) < c < 1 there exists ro — ro{c) > 0, 
I = l{m,c) e Z+ and C — C{m,iJL,c) > such that for any R > ro and fl C (p~^{Bn{R)) a 
connected component, then 

A*(1^)<C-Ai(BnH^)(^))- 
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